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1. INTRODUCTION

The Probabilistic Metric Space (or Statistical Metric Space) was defined by Menger [5] in
1944, as a generalization of metric space. Then Schweizer and Sklar [7] gave some basic
results in this space. Some mathematicians observed that condition of contraction in metric
space may be translated into PM-Space with minimum norm. Sehgal and Bharucha [8] gave
a generalization of Banach contraction principle in Menger space. Some basic definitions
and theorems in Menger space which are used for proving the main result are as follows.
Definition 1.1 [7] “LetA:[0,1] X [0,1] — [0,1] be a mapping. Then & is said to be a
triangular-norm ( briefly, t-norm) if for all @, B, y € [0,1],

(i) A(el)=a A(0,0)=0;

(i)  Ale, B) = A(B a);

(i) Ala, B) = A(y, S)foraz=y, B= §

(iv)  A(Ae B), v) = A AR, )
Example 1.2 [7] “The four basic t-norms are as follows:

()  The minimum t-norm: &, (e, B) = min{ea, B}.

(i)  The product t-norm: & (e, B) = af.

(iii)  The Lukasiewicz t-norm: Vy (e, f) = min { a« + 3 — 1,0}

(iv) The weakest t-norm, the drastic product:

Ap(e,B) = {min{o:,[?:} if max{e, B} = 1,

0, otherwise.
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We have the following ordering in the above stated norms:

A< AL < Ap< Ay

Definition 1.3 [7] “A mapping F : R >R" is a distribution function if it is left continuous

and non-decreasing with inf F(x) = 0 and sup F(x) = 1 for all real x.”

We shall denote the set of all distribution functions by £ whereas H(t) be the Heaviside

distribution function defined as

(o0, ift=0
Hm_{L ift= 0.

Definition 1.4 [6] “The ordered pair (X, F) is called a PM space if K be a
non-empty set and F: K X K — L be a mapping satisfying:
(py) ny[t] =1forallt=0,ifandonlyifx=1y¥;

(ps) Fx.y(ﬂ] =0;

(P3) Foy (8) = Fu (0
(py) Fy(t)=1and F .(s) =1 then F (t+s)=1,

forallx,y,zinX and t,s=0.

Every metric space can always be realized as a probabilistic metric space by putting the
relation 7, (t) = .‘I{(t —d (x,}r]) for allx, y in K.”
Definition 1.5 [6] “The ordered triplet (%, F, A)is called a Menger space if (¥, Flis a

probabilistic metric space, A is a t-norm and satisfies forall x,y, z inK andt,s = 0,
(ps) Foua(t+9) 2 A( Ty (9, F ()
Definition 1.6 [6] “A sequence {x,} in a Menger space (¥, F, A)issaid to be:
(i) Cauchy sequence in K if for every € = 0 and A= 0, we can find a positive integer
N, satisfying®, . (€) > 1—Aforal nm= N;.
(ii) Convergent at a point x € X if for every € = 0 and A= 0, there exists a
positive integer N_; satisfying %, .(€) > 1 -4, forall n=N_;.”
The space Kis said to becomplete if every Cauchy sequence is convergentin K.

Definition 1.7 [6] “Let S and T be two self-mappings of a Menger space (¥, F, A).ThenS

and T are said to be compatible if 11_131 FsTxy Tsxq (t) = 1 forall
n—+oo

t = 0 where {x,}is a sequence in X satisfying

lim Sx, = lim Tx_, =u, whereu € K.”

n—oc n—oc
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Definition 1.8 [10] “Two self-mappings A and S of a non-empty set X are said to be weakly

compatible (or coincidentally commuting) if they commute at their coincidence points i.e. if

Az = Sz for some z € K, then ASz = SAz.”

Theorem 1.9 [10] “If two self-mappings A and S of a Menger space (X, F, A) are

compatible, then they are weakly compatible.”

Definition 1.10 [2] “Let S and T be two self-mappings of a Menger space (K, F, A}).Then$S

and T are said to be compatible of type (A) if we can find a sequence {x,} in  satisfying

limSx, = lmTx, =u where u €X and limFg, , (=1 and
n—+ oo

n—oc n—oo

AﬂFTEXnJEExn (t)= 1 forallt=0.

Definition 1.11 [2] “Let S and T be two self-mappings of a Menger space (K, F, A}).Then$S
and T are said to be compatible of type (B) if we can find a sequence {x,} in Fsatisfying

lim Sx, = lim Tx, = uwhere u€ Ka”dii_l}‘;lc?ss;cn,rrxn (t) = 1forallt=0."

Definition 1.12 [1] “Two self-maps S and T of a set K are occasionally weakly compatible
maps (shortly owc) if and only if we can find a point x in X satisfying 5x = Tx and
5Tx = TSx.”
Theorem 1.13 [3] “Let S and T be compatible maps of type (A) in a Menger space
(¥, F, Adand Sx,, T%, - ufor some uin X . Then
(i) TSx, - Suif Sis continuous.
(ii) STu=TSuand Su=Tuif Sand T are continuous.”
Theorem 1.14 [11] “Let (K, F, A) be a Menger space. If there exists a constant
k € (0, 1) such thatF, . (kt)> F . (1) forallx,yinX andt>0, then {x.} is a
Cauchy sequence in X.”
Theorem 1.15 [10] “Let (K, F, A) be a Menger space. If there exists a constant
k € (0, 1) such that F, , (kt) > F, . (t) forallx,yin ¥ and t>0,thenx=y.”
Theorem 1.16 [10] “In a Menger space(X, F, A)if A(a, a) > a, for all
a €[0, 1], then & (a,b) = Min{a, b} fora, b € [0, 1].”
Definition 1.17 [15] “Let S and T be two self-mappings on a Menger space
(¥, F, A)Then S and T are called reciprocally continuous if

lim STx, = Sz and lim TSx, = Tz,

n—oo m—+oo

whenever{x_} is a sequence in & satisfying lim Tx,= lim Sx, =z, z€X.”
n ==

n—oo
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Definition 1.18 [14] “Let S and T be two self-mappings of a Mengerspace

(¥, F, A)with continuous t-norm 4. Then S and T are called semi compatible if

Ai_?l? 5T x50 (=1,

whenever{x, } in X satisfieslim Sx, = limTx, = uwhere ue X, t>= 0.”
Fi—* oo

n—oo

Theorem 1.19 [16] “If self-mappings A and S of a Menger space (¥, F,A) are semi-
compatible then they are weak compatible.”
Theorem 1.20 [16] “Let S and T be two self-maps on a Menger space (K, F, A) with A(a,a)
> a, for all a € [0,1] and T is continuous. Then (S,T) is semi-compatible if and only if (S,T) is
compatible.”
Definition 1.21 [15] A Class of Implicit Relation. “Let @ be the set of all real continuous
functions ¢ :(]RJ'j'*% K, non-decreasing in the first argument with the property:

(@) foru,v=0, d(u,v,v,u) > 0 ord(u,v,u,v) >0 impliesthatu>v;

(b)d(u,u,1,1) >0 implies u>1."
Branciari proved the following theorem:
Theorem 1.22 [13] “Let (X, d) be a complete metric space. Suppose f: X > X be a

mapping such that for each x, y € X and c€[0,1),

difef) diz3)
J- e(t)dt < ¢ J (t)dt;
o o

where ¢: R* > R¥ is a Lebesgue-integrable mapping which is a summable (with finite

integral) on each compact subset of R , non-negative and such that for each
e> O,IDE @(t)dt = 0.Then f has a unique fixed point z € X such that for each
X € X,lniglmf "x=z."
Definition 1.23 Implicit Relation in Integral Setting: Let @ be the set of all real continuous
functions ¢ : (R¥)*> R, non-decreasing in the first argument with the property:

(@) For u,v2 O,I;I:u’v’v’u} w(t)dt> 0 or fﬁq}':u’v’u’v} Ww(t)dt> 0 implies that

uv.

(b)_I"[,,q}cu’u’l’lzl w(t)dt > 0 impliesu>1,

where W : B> R¥is a Lebesgue integrable mapping which is a summable (with finite

integral) on each compact subset of R¥, non-negative and such that for each
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€>0, [~ y(t)dt= 0.

Theorem 1.24 [12] “Let (K, F. A)be a Menger space. If there exists a constant

k € (0, 1) such that J"Fx_}":kt}

: w(odtz [ y(t)difor all t>0 with fixed

X, y €EX, where Ww: [0, 1) - [0, 1) is a non-negative summable Lebesgue integrable function

such that fgl Ww(t)dt> 0 for each € € [0, 1), thenx =y.”

2. Main Result
Theorem 2.1 Let A, B, S, T, | andJ be self-mappings of a complete Menger space (¥, F, A)
such that

(i) AB(H )cJ(K') and ST(H ) c (K );

(ii) the pair (AB, I) is semi-compatible and (ST, J) is weak compatible;

(iii) the pair (AB, 1) or (ST, J) isreciprocally continuous;

(iv) forsome @ € @, there exists k € (0, 1) such that for all x,y €X' and

t>0,
B Fapx STy (kt), Fix J¥ (t) Fapx JAx (= FST}'-I}' (ke))
I W(t)de> 0, (2.1)
#(Faex 5Ty (KD Fix Jy (2 Fagx ix (K. Fs1y gy ()
I P(t)de> 0. (2.2)

Then AB, ST, l and J have a unique common fixed point .

Furthermore, if the pairs (A, B), (A, 1), (B, 1), (S, T), (S, J) and (T, J) are commuting mappings
then A, B, S, T, | andJ have a unique common fixed point.

Proof. Let x3€ K. Since AB(KX) c J(¥)and ST(¥) c |(¥),

there exist %y, ;€ X such that ABx;= Mx;=¥zand STx;= L%,=¥;.

Inductively, we can construct sequences {x,} and {¥,} in X such that

ABXyn=J¥pn51= Van+1and ST 9= 1855 47= Vons2 forn =0, 1, 2,...

Now putting X = X,,, , Y =ZXa,24in inequality (2.1), we obtain

.rq}l:FAszn ATxgn +'_': k). Flzgn .Ixzn+'_':t:" FABxyn Jxan () Fer Xgn+1 -IKMH'—I: ke)) 'lIJ (t:] dt>0
0 2 0.

(2.3)
That is,

@ (Fyonavenes ¥ Fyopyone: O Fyonyon W) Fyoppyeny, (KD i
fD 0+ ¥ 2n+2 znFon+ o Fon+ zn+zFan+ ll_[[tjdtz 0. (24) Using (a)

of Definition 1.21, we get
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F}’m +z¥zn +1 (ktj 2 F}’m +1:¥zn (tj (25)
Analogously, putting X =%5,42, Y =3,51in(2.2), we have

ST AB R 42 STozn s O Fingn o Jron s (D FABmn 4o Inon sz (FOFSTryn 4 Jron 2 (D)

J. w(t)dt = 0.

0

Using (a) of Definition 1.24, we get

Foanvevanes (0 2 Fop oy, (0.(26)

Thus, from (2.5) and (2.6), for any nand t, we have

Fonsnes (0 2F_ 5 (O (27)

Hence by Theorem 1.14, {¥,} is a Cauchy sequence in X which is complete. Therefore {v,}

convergestop € X . The sequences {ABxa,}, {ST%3,41}, {I%2,}

And {Jx%,, 51}, being subsequences of {¥,} also converge to p, that is
{ABx3,} > p, {STx3n:1} 2 p, (2.8)

{1222} 2> p, {I%2m+1} 2 p. (2.9)

The reciprocal continuity of the pair (AB, 1) gives

ABI%,,—> ABp and |ABx.,—> Ip.

The semi-compatibility of the pair (AB, l)gives AET&CEBIXEH = Ip.

From the uniqueness of the limit in a Menger metric space, we obtain that

ABp = Ip (2.10)

Stepl. By putting x=p, y =Xs,24 in (2.1), we obtain

P FAED STogn 40 (B FipJran s (B FAEpIp (90 FeTumgn o Jrap 4 (KT
Iy w(t)dt> 0.
Letting n = == and using (2.8), (2.9) and (2.10), we get
¢|:F[p_pl:l{t}, ‘F[p_p':t}-' F[p_[p':t:': Fp_p_l:l{t}:l
Iy Y(t)dt > 0.
As @ is non-decreasing in first argument, we have
$(Fipp e Fipp(d 1. 1)
fD w(t)dt> 0.
Using (b) of Definition 1.21, we have Fy, , (t)> 1 forall t>0,
which gives Fy, , (t)= 1,thatis Ip =p=ABp.(2.11)
Step 2. As AB(X') c J(K'), there exists u €K suchthatABp=Ip=p=Ju.

Putting x =%,,, y=uin (2.1) we obtain that

(2 7ABsan 570 (69 Fincy ju (9 TaBray traa (O F57u 1u ) iy g g,
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Letting n = oo and using (2.8) and (2.9), we get

& (FpsTu (kU 1. 1. Fgyyplkd)
Iy w(t)dez 0.

Using (a) of Definition 1.21, we have F, 51, (kt) 21 forallt>0, which gives

Fpstu (Kt} = 1.Thus p=STu. Therefore, STu=Ju=p. Since (ST, J) is weak

compatible, we get
JSTu =STJu, thatis STp = Jp. (2.12)
Step 3.By puttingx=p, y=pin (2.1) and using (2.11) and (2.12), we obtain

cpl:FABP_STpl:kt}, Flp Je (th. FaBp Ip (th, FoTp _Ipl:kt:l:l
Iy w(t)dt2 0,

that is,

$(Fapp sTplkt) FappsTpi(. 1 1)
Iy w(t)dt> 0.

As @ is non-decreasing in first argument, we have

& (Fagp sTp'kth FagppsTpith L 1)
Iy w(t)dt> 0.

Using (b) of Definition 1.21, we have Fag, st (t) 21 for all t >0, which gives

Fapp sTp (t) = 1. Thus ABp =STp.

Therefore p=ABp =STp =Ip =Jp, thatis p is a common fixed point of AB, ST, | and J.
Uniqueness. Let q be another common fixed point of AB, ST, | and J.
Thenq=ABq=STq= lqg=1Jq.

By puttingx=pand y=qin(2.1), we get

$(Fapp 5Tq (KD Fip jq (£ Fapp 1p (0 Fgrg jq (KDD
Iy w(t)dt> 0,

that is

q}l:Fp a (kt). ‘F[.'} a (g 1. 1)
Iy w(t)dt> 0.

As @ is non-decreasing in first argument, we have

q}l:Fp_ql:kt}, Fp_ql:t}, 1, 1)
Iy w(t)dt> 0.

Using (a) of Definition 1.21, we have F, , (t)>1forallt>0,

which gives F, ; (t)= 1, thatis p=q.

Therefore, p is the uniqgue common fixed point of the self-maps AB, ST, | and J.

Finally, we need to show that p is also a common fixed point of A, B, S, T, | and J. For this
let p be the unique common fixed point of both the pairs (AB, 1) and (ST, J).

Then by using commutativity of the pairs (A, B), (A, 1) and (B, 1), we obtain
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Ap = A(ABp) = A(BAp) = AB(Ap), Ap = A(lp) =1(Ap),

Bp = B(ABp) = B(A(Bp)) = BA(Bp) = AB(Bp), Bp = B(Ip) = 1(Bp) ,

which shows that Ap and Bp are common fixed point of (AB, 1), yielding thereby

Ap=p=Bp=Ip=ABp (2.13)

in the view of uniqueness of the common fixed point of the pair (AB, ).

Similarly using the commutativity of (S, T), (S, J) and (T, J), it can be shown that

Sp=Tp=Jp=STp=p. (2.14)

Now we need to show that Ap = Sp and Bp =Tp.

For this putx =pand y=pin(2.1) and using (2.13) and (2.14),we get

$#(Fapp sTp (K Fip Jp () Fapp.ip (2 Fsrp jp (ko)
Jy w(t)di2 0o,

that is,

¢':F_Ap Sp ': kt}! Fﬁp Sp I:t:l, Fﬁp _ﬁp':tl FSp- _Sp': kt:':'
Iy w(t)dt>0.

As @ is non-decreasing in first argument, we have

& (Fap sp (Kt Fap sp (o) 1. 1)
Iy w(t)dt> 0.

Using (b) of Definition 1.21 , we obtain

Fapsp (B)21for allt> 0, which gives Fu, s, (t)= 1, thatis Ap=Sp.
Similarly it can be shown that Bp =Tp.

Thus p is the unigue common fixed point of A,B,S, T, land J.

This completes the proof.
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