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1. INTRODUCTION

Fixed point theory is one of the most fruitful and applicable topics of nonlinear analysis,
which is widely used not only in other mathematical theories, but also in many practical
problems of natural Sciences and Engineering. The Banach contraction mapping principle is
indeed the most popular result of metric fixed point theory. This principle has many
applications in several domains, such as differential equations, functional equations, integral

equations, economics, wild life, and several others.

Branciari gave an integral version of the Banach contraction principles and proved fixed
point theorem for a single-valued contractive mapping of integral type in metric space.
Afterwards many researchers extended the result of Baranciari and obtained fixed point and
common fixed point theorems for various contractive conditions of integral type on
different spaces. Now, we recollect some known definitions and results from the literature

which are helpful in the proof of our main results.
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Definition1.1: A coincidence point of a pair of self-mapping A,B: X — X is a pointx € X
for which Ax = Bx.

A common fixed point of a pair of self-mapping A,B: X — X is a point x € X for
which Ax = Bx = x. Jungck initiated the concept of weakly compatible maps to study

common fixed point theorems.

Definition1.2: A pair of self-mapping A, B: X = X is weakly compatible if they commute at
their coincidence points, that is, if there exists a point x € X such that ABx = BAx

whenever Ax = Bx.

In the study of common fixed points of weakly compatible mappings, we often
require the assumption of completeness of the space or subspace or continuity of mappings
involved besides some contractive condition. Aamri and Moutawakil [1] introduced the
notion of E.A. property, which, requires only the closedness of the subspace and Liu et al.

extended the E.A. property to common the E.A. property as follows:

Definition 1.3: Let(X,d) be a metric space and 4,B,P,Q: X — X be four self-maps. The
pairs (4, Q) and (B, P) satisfy the common E.A. property if there exist two sequence {x,}

and {y,}in X such that lim,,_,o, Ax,, =lim,_,,, Qx,, =lim,_, . By, =lim,,, Py, =s € X.

Sintunavarat and Kumam introduced the notion of the (CLR) property, which never requires
any condition on closedness of the space or subspace and Imdad et al. introduced the

common(CLR) property ehich is an extension of the (CLR) property.

Definition1.4: Let (X,d) be a metric space and A,B,P,Q: X = X be four self-maps. The
pairs (4, Q) and (B, P) satisfy the common limit range property with respect to mappings Q

and Pdenoted by (CLRp,) if there exists two sequences {x, } and {y,,} in X such that
lim, ., Ax, =lim,_,, Qx, =lim,,_ . By, =lim,_,, Py, =s€ QX N PX.

Lemmal.5: Let (X, d) be a metric space and {x,} be a sequence in X. Then {x,} converges

to x if and only if |d(x;,,, x)| = 0 asn — oo, where m € N.

Jungck [4] introduced the concept of weakly compatible maps as follows:
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Definition1.6: Let f and g be two self-mappings of a metric space(X, d). Then a pair (f, g) is

said to be weakly compatible if they commute at coincidence points.
In 2002, Aamari and Moutawakil [1] introduced the notion of E.A. property as follows.

Definition1.7: Let (X,d) be a complete metric space and T:X — X be a contraction
mapping, i.e. d(Tx,Ty) < ad(x,y)Vx,y € Xand a €[0,1) then T has a unique fixed

point.

Definition 1.8: Let f and g be two self-mappings of a metric space (X, d). Then a pair (f, g)
is said to satisfy E.A. property if there exists a sequence {x,} in X such that lim,_,,, fx, =

lim,,,, gx, = fx for some x € X.

Example 1.9: Suppose X =[2,4] with§(a,B) = e*(la—F|) Va,p € X.
Define G(a) = {2if a = 2,2a/3if 3 < a < 4}and

() = {2if2<a<3,a+3/3if3<a<4}.

Take a sequence {ay} as @ = 3+ 1/k for k = 0. Then Ga, = G(3+1/k) = 2(3+1/k)/3 =
2+1l/k=2ask- ooand la, = I(3+1/k) = 3+1/k+3)/3 = (6/3+1/3k) = 2+
1/k = 2 as k- oo. This gives Ga;, = la, = 2 € X as k — oo. This gives (G, I) satisfies

E.A. property.

Definition 1.10: Let X be a non-empty set. Then f and g over a metric space(X, d) satisfy

CLR property if lim,,_,, f(xy,) =lim,_,, g(x,) = g(t) forsome t € X.

Example 1.11: Let X = R. Define the mapping d: X X X —» R by d(z4,2;) = 2|z, z;| for
all z4,z, € X. Then (X, d)is a metric space. Define Sand T: X - X by Sz = zand Tz = 2z

for all z € X, respectively. Consider a sequence {z,,} = {%}(n € N) in X. Then
lim,_ e Sz, =lim,,_,, z,=0and lim,,_,, Tz, =lim,,_,, 2z, =0.
Thus, S and T satisfy CLR property.

The following definitions will be used in sequel:
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Let @, be the set of all functions @ : [0, =) = [0, o°) satisfying the following conditions:
1. ¢ is continuous on [0, ).

2. ¢ is non-decreasing.

3. 0(0) =0 and ¢(t) > 0 for all t > 0.

Let @ be the set of all functions a : [0, =) = [0, 1) satisfying the following conditions:
1. ais measurable or continuous on [0, o).

2. a(0)=0and o(t) <1 for every t > 0.

3. Optionally, sup_{t>0} a(t) = k < 1 (a uniform contraction bound) or a is non-decreasing.
2. Fixed Point Theorems for Weakly Compatible Mappings with E.A. Property

Now, we prove common fixed point theorems for two pairs of weakly compatible self-maps

along with E.A. property.
Theorem 2.1: Let 4, B, S and T be self mapping in a metric space (X, d) such that
(C1) SX c BXandTX c AX

(C2) (A,S) and (B, T) are weakly compatible;

(@3) [ p)dt < aldx ) ) p(Ode, vx,y € X

Where (¢ ,a) € &; X Pz andforallx,y € X.

Mi(xy) = ma{d(Ax,By),  d(Ax,Sx),d(By,Ty), ;[d(AxTy)+d(Sx,By)]
1+d(Ax,By) d?(Ax,Sx) d?(By,Ty) 1+d(Ax,Ty)+d(Sx,By)

td(Ax, Sx), 1+d(Ax,Sx) d(By,Ty), 1+d(Sx,Ty) 1+d(Sx,Ty)  1+d(Ax,By)+d(Sx,Ty) d(Ax, 5x),

1+d(Ax,Ty)+d(Sx,By)

1+d(Ax,By)+d(Sx,Ty) d(By' Ty)'

(C4) The pairs (4,S) and (B, T) satisfy the E.A. property.

Suppose that any one of AX, BX,SX,TX is a closed subspace of X. Then A,B,S and T have a

unigue common fixed point.

Proof. Suppose that (4, S) satisfies the E.A. property. Then there exists a sequence {x,,} in X

such that Ax,, = Sx,,= z for some z € X.
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Since SX c BX, there exists a sequence {y,} in X such that Sx,, = By,,. Hence, lim,,_,, By,, =

Z.

We shall show that lim,,_,o, By, = z. We shall show that lim,,_,,, Ty, = z. Let lim,, oo Ty, =t

F*1Z.

Putx = x,,y = y,

fod(sx"'Ty")<p(t)dt < ald(x,y) fOMl(x;y) p(t)dt, Vx,y € X.

1
M; (xn, V) = max{d(Axy, Byy),d(Axn,5xn),d(BYn, Tyn ),z [d(Axn, Tyy )+d(Sxn, By, )],
1+d(Axn,BYyyn) 1+d(Ax,,BYn) d?(Axn,Sxpn) d?(Byn,TYn)
1+d(BYn,Tyn) d(Axy, Sxz), 14d(Axn,SXxn) d(BYn Tyn), 14+d(Sxn,Tyn) 14+d(Sxn,Tyn)
1+d(Axn, Tyn)+d(Sxn,Byn) d(Axn,Sx 1+d(Axpn, Tyn)+d(Sxpn,Byn) d(Byn, Tyn)}

1+d(Axp,BYn)+d(Sxpn,Tyn) M)’ 1+d(Axp,Byn)+d(Sxn,Tyy)
Now, lim,,,o, Ax,, =lim, o Sx, =z=1im,_, By, and lim, . Ty, = t.

1+d(z,z)
1+d(z,t)

Mi(x,, Y = max{d(z,z),d(zz2),d(zt), %[d(z, t) +d(z z)], d(z,z),

1+d(z,2) (Z ) d?(z,z) d?(zt) 1+d(z,t)+d(z,z) ( )1+d(z,t)+d(z,z)
1+d(z,z) P 14d(zt) 1+d(z,t) 1+d(z,t)+d(z,t) "7 1+d(z,2)+d(z,t)

d(z,t)}

=max {0, 0,d(z1),0,d(z,1),0, d? (z,t),d(z,t)}
=d(z,t),

where,
. A(Sxn,Tyn My (Xn,Yn
limy, e, J, SxnTI) 0 () dt < a(d(xn, yn) Jy 1Cmm) o () at

[E2TD g0t < ald(z,t) [ p(0)dt

<ald(zt) [{ 7 (o)t
which is contradiction.

Therefore, t=z.i.e.lim,,_ Ty, = z.

Suppose that BX is a closed space of X. Then there exists u € X such that z = Bu.

Vol. 11 | No. 11 | November 2022 www.garph.co.uk IJARMSS | 158



International Journal of Advanced Research in ISSN: 2278-6236
Management and Social Sciences Impact Factor: 7.624

Subsequently, we have

lim,_,, Ty, =lim,_,, Sx, =lim,_,,, Ax, =lim,_,, By, =z = Bu.
Now, we shall show that Tu = Bu.

LetTu # Bu.

From (C3), we have

d(Sxp,Tyn M1 (Xn,Yn
[T o (1) dt < ald @ ) [0 @(D)dt, Vx,y € X

Letting n— oo

lim,, o fod(sx"’z) e(t)dt < a(d(xy, yn)) f:’l(xn'y”) p(t)dt, Vx,y € X.

[ o)t < a(dCe ), g0, (2.1)
where,

My (oY) = max{d(Axy, Byn),  d(Axy,Sxn),d(BYy, Tyn)1d(Axy, Tyy) + d(Sxn, By,
E L e S LG I R e
imiasesiony A S50, S 5 A5 T

- max{d(Axy, Bu),  d(Axy,Sx,),  d(Bu,Tu),  Jd(Axy, Ty,) + d(Sxn, By,)),

1+d(Axn,Byn) 1+d(Axn,Byn) A2 (Axn,Sxn) d?(Bu,Tw)
1+d(Byn,Tyn) d(Axn, an)' 1+d(Axpn,Sxp) d(ByTL’ TyTL)I 1+d(Sxp,Tw) 1+d(Sxp,Tw)’
1+d(Axn,Tu)+d(Sxy,Bu) 1+d(Axy,Tuw)+d(Sxy,,Bu)

1+d(Axn,Bu)+d(Sxn,Tu) d(Axy, Sxp), 1+d(Axp,Bu)+d(Sxn,Tu) d(Byn, Tu)

= max {0,0,d (Bu, T),0,0, d(Bu, Tu),0,d? (Bu, Tu),0,d (Bu, Tu)}
=d(z,Tu) (2.2)
Equation (2.1) and (2.2) leads to contradiction. Therefore, Tu = z = Bu.

Since Band T are weakly Compatible, we have Btu = TBu. Hence, TTu = TBu =

Btu = BBu.
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Since TX < AX, there exists, v € X such that Tu = Aw.

Now, we claims that Av = Sv. Let Av # Sv.

M;(v,u) = max{d (Av, Bu), d(Av, Sv),d(Bu, Tu), %[d(Av, Tu) + d(Su, Bu)],
1+d(Av,Bu) 1+d(Av,Bu) d?(Av,Sv) d?(Bu,Tu)
1+d(Bu,Tu) d(Av, Sv), 1+d(Av,Sv) d(Bu, Tw), 1+d(Sv,Tw)’ 1+d(Sv,Tuw)’
1+d(Av,Tu)+d(Sv,Bu) 1+d(Av,Tu)+d(Sv,Bu)

1+d(Av,Bu)+d(Sv,Tu) d(Av, Sv), 1+d(Av,Bu)+d(Sv,Tu) d(Bu, Tu)}

=max{0,d(Av, §v),0,0,d(Av, Sv),0, dz(Av, Sv),0,d(Av, Sv),0}
=d(Av,Sv) = d(Tu,Sv)
Thus from (C3), we have

f a(sv,Tu)

N p(t)dt < a(d(v,u)féwl(v'u) p(t)dt, Vx,y € X.

< a(v,u)fod(sv’Tu) p(t)dt.

Which is a contradiction. Therefore, Sv = Tu = Av.

Thus, we have Tu = Bu = Sv = Av. The weak compatibility of A and S implies that
ASv = SAv = SSv = AAv. Now, we claim that Tu is the common fixed point of 4,B,S
and T. Suppose that TTu # Tu.From (C3), we have d(Tu,TTu) = d(Sv,TTu)

[T o) dt < aldv,Tu) [ p(e)de, vx, y € X.

and

Mi(v,Tu) = max{d(Av,Btu),d(Av,Sv),d(BTu,TTu), %[d (Av,TTu) + d(Sv, BTu)],
L. d(Av, Sv), LAY (BT, TTu), L
o Tt QA SV S A BTU.TT0)

=max{d(Av, BTu),d(Av, Sv),d(BTU,TTu),0,0,0,0,0,0,0}

=d(Av,BTu) = d(Tu,TTu).
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Thus, from equation (3) leads to a contradiction. Therefore, Tu = TTu = BTu.

Hence Tu is the common fixed point of B and T. Similarly, we prove that Sv is the common

fixed point of A and S. Since Tu = Swv, Tu is the common fixed point of A,B,S and T.

The proof is similar when AX is assumed to be a closed subspace of X. The cases in
which TX or SX is a complete subspace of X are similar to the cases in which AX or BX,

respectively is complete subspaces of X. Since TX € AX and SX c BX.
Finally, for uniqueness, let p and g (p # q) be two common fixed points of A,B,S and T.

From (C3), we have

LR 0y < aldpa)fy P p(Dde v,y € X 24
Where,

1
M@ = max{d(4p,Ba),d(Ap,Sp), d(Ba, Ta) Sd(4p, Ta) +d(Sp, BO))
1+d(Ap,Bq) 1+d(Ap,Bq) A*(ApSp). L(Bare)
Traarg CAPSP), Tratapsp LB TD: Trd(pTa) 1ra(spTa)

1+d(Ap,Bq)+d(Sp,Tq) " 1+d(Ap,Bq)+d(Sp,Tq)

= max{d(4p, Bq),d(4p, Sp),d(Bq,Tq),0,0,0,0,0,0,0}
=d(p, q).

From equation (2.4) which leads to contradiction. Therefore, p = gq.Hence

A,B,S and T have a unique common fixed point. This completes the proof.
IfA = BandS = T inthe above Theorem,we get the following:

Corollary 2.2: Let A and S be two self-mappings of a complex valued metric space (X, d)

satisfying SX C Ax,

[ oydt < aldxy)f," " ot dtvx,y € X
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M;(x,y) = max{d(Ax, By), d(Ax, Sx),d(By, Ty),% [(d(Ax, Ty) + d(Sx, By)],
1+d(Ax,By) 1+d(Ax,By) d?(Ax,Sx) d?(By,Ty)
1+d(By,Ty) d(Ax' Sx)' 1+d(Ax,Sx) d(By' Ty)' 1+d(Sx,Ty)’ 1+d(Sx,Ty)’
1+d(Ax,Ty)+d(Sx,By) 1+d(Ax,Ty)+d(Sx,By)

1+d(Ax,By)+d(Sx,Ty) d(Ax, $x), 1+d(Ax,By)+d(Sx,Ty) d(By,Ty)}

The pair (4, S) is weakly compatible. If one of AX or SX is closed subspaces of X, then A and

S have a unique common fixed point.
3. Fixed Point Theorems for Weakly Compatible Mappings with CLR Property

Now, we prove common fixed point theorems for weakly compatible mappings with CLR

property.

Theorem 3.1: Let A,B,S and T be four self-mappings of a complex valued metric space
(X, d) satisfying (C2), (C3), and (C9) SX < BX and the pairs (4, S) satisfies CLR, property or
TX < AX and the pair (B, T) satisfies CLRg property. Then A,B,S and T have a unique

common fixed point.

Proof: Without loss of generality, assume that SX c BX and the pairs (4, S) satisfies CLR,
property. Then there exists a sequence {x,} in X s.t. lim,,_, Ax, = lim,_4 Sx,= Ax for

some x € X. Since SX c BX, there exists a sequence {y, } in X such that Sx,, = By,.
Hence lim,,_,,, By, = Ax.
We shall show that lim,,_,, Ty, = Ax. Let lim,,_,, Ty, =z # Ax.

Form (C3) we have

a(s an n M nn
fo( I o ()t < a(d(xn, V) Jo 10mYm) o (1) dt, Y,y € X.

Letting n— oo, we have
a(Ax, My (Xn,Yn
J @ o (t)dt < a(d(xy, yn) [, G (e, (3.1)

0

where

Vol. 11 | No. 11 | November 2022 www.garph.co.uk IJARMSS | 162



International Journal of Advanced Research in ISSN: 2278-6236
Management and Social Sciences Impact Factor: 7.624

1
My (Xn, yn)=  max{d(Axy, Byn),  d(Axp,Sxpn), d(BYn,Tyn), 5 [d(AxnTyn)+d(Sxp,Byn)l,

1+d(Axn,Byp) 1+d(Axn,BYn) d?(Axp,Sx d?(Byn,T
nbYn d(Axn,an), nbYn d(Byn,Tyn); (Axn,Sxn) : (BYyn,Tyn) :
1+d(Byn,Tyn) 1+d(Axn,Sxn) 1+d(Sxn,Tyn) 1+d(Sxn,Tyn)
1+d(Ax,Tyn)+d(Sxn,Byn) 1+d(Axn,Tyn)+d(Sxy,BYn)
nwlYn nbYn d(Axn, an)’ ol Yn nbYn d(Byn; Tyn)
1+d(Axn,Byn)+d(Sxn,Tyn) 1+d(Axp,Byn)+d(Sxn,Tyn)

Letting limit n tends to infinity.

limy,_, 00 M7 (X0, V)= lim,,_,, max {d(Ax, Ax), d(Ax, Ax), d(Ax, Z),% [d(Ax, z) +

dAx,Ax], 1+dAx,Ax1+dAx,zd (Ax,Ax), 1+dAx,Ax1+dAx,Axd(Ax,z),

d?(Ax,Ax) d?(Ax,Z) 1+d(Ax,Z)+d(Ax,Ax)
1+d(Ax,2) ' 1+d(Ax,Z)" 1+d(Ax,Ax)+d(Ax,Z)

1+d(Ax,Z)+d(Ax,Ax)
1+d(Ax,Ax)+d(Ax,Z)

d(Ax, Ax), d(Ax,Z)}

d?(Ax,z)

=lim,,_,,, max {0,0, d(Ax, z), % d(Ax, z),0,d(Ax, Z)'O'1+d(Ax,z)' 0,d(Ax,z)} = d(Ax,z).

Thus, from equation(3.1) this leads to contradiction. Therefore, Ax=z and hence

lim,, o, Ty, = Ax.

Subsequently, we have

lim,,_, o Ax,=lim, o Sx;, =1lim,, o By,=lim, o, Ty, = Ax = z.
Now, we shall show that Sx = z. Let Sx # z.

From (C3), we have

d(Sxn,Tyn) e(t)dt < a(d(x,y,)) MG p(t)dt,Vx,y € X,
0 0

where,

Mi(x,y,) = max{d(AxBy,), d(AxSX), d(Byn Tyn), 5[d(Ax,Ty,) +d(Sx,By,)],
e LGRS LG v S
i e L G e e LG
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1+d(z,z)
1+d(z,z)

1+d(z,2) d?(z,5x)
1+d(z,z) (z,2), 1+d(z,z)’

= max{d(z,2), d(z,5), d(z,2), 3 [d(z,2) + d(Sx,2)], d(z,5x),

d?(z,z) 1+d(z,z)+d(Sx,z) 1+d(z,2)+d(Sx,2)
1+d(Sx,z)’ 1+d(z,z)+d(Sx,z) ( ! )'1+d(z,z)+d(5x,z)

d(z,z)}

= max{0,d(z, $x),0, d(Sx, 2), d(z, Sx), 0,d*(z,5x),0,0,0}
=d(Ax, z)

Thus,

fod(sx'Tyn)(p(t)dt < a(d(x,y,)) féwl(x'yn)(p(t)dt, Vx,y € X

[ p(@)dt < aldiy)) [ o0t

a contradiction.
Therefore, Sx = z = Ax.

Since the pair (4, S) is weakly compatible, it follows that Az = Sz. Also, since SX c BX,

there exists y € X suchthatz = Sx = By. Now, we show thatTy = z.

Let Ty # z.From (C3), we have

d(Sxn,Tyn My (X1,
[T o) dt < aldg, y) o (D) dt, Y,y € X.

Letting n— oo

[ED o) dt < aldx, y)) fi ™™ p(0)dt, vx,yex. (3.2)
My(xny) = max{d(Ax,,By), d(Ax,Sx,), d(By,Ty), 3 [d(Axy, Ty)+d(Sx,,By)],
DO Ay, SX), D d(By,Ty), e WD)
LA TNASIN § (A, Sxy), LAARINIASE) gy, )

= madz2),dz2),d@Ty), ATV +d(22)], fheesd(z7), e d(7,Ty),

d?(z,z) d?(zTy) 1+d(z,Ty)+d(zz) ( ) 14+d(z,Ty)+d(z,z)
1+d(z,Ty) 1+d(z,z) 1+d(z,z)+d(z,Ty) "7 14d(z,2)+d(z,Ty)

d(z,Ty)}=d(z,Ty)
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Thus from equation (3.2)

fd(Ax'Z) pt)dt < a(d(x,,y) fd(Z'Ty) p(t)dt

0 0

Which is a contradiction. Thus,z = Ty = By.

Since the pair (B,T) is weakly compatible, it follows that Tz = Bz. Now, we claim that

Sz = Tz.
Let Sz # Tz.From (C3) we have

f da(Sz,Tz)

EETD o ()de < aldiz ) [, 7 p(0)dt, (3.3)

where,

1+d(Az,Bz)

1
M;(z,z) = max{d(Az,Bz), d(AzSz), d(Bz,Tz), E[d(Az,Tz)+d(Sz,Bz)], T aB212) d(Az,S5z),
1+d(Az,Bz) d(Bz. T d?(Az,Sz) d?(Bz,Tz) 1+d(Az,Tz)+d(Sz,Bz) d(Az S
1+d(Az,Sz) (Bz,T2), 1+d(Sz,Tz)’ 1+d(Sz,Tz)’ 1+d(Az,Bz)+d(5z,Tz) (4z,52),
1+d(Az,Tz)+d(Sz,Bz)

1+d(Az,Bz)+d(Sz,Tz) d (BZ' TZ)}

_ 1 1+d(5z,Tz)

= max{d(5z,Tz2),d(5z,5z),d(Tz,Tz), > [d(Sz,Tz) + d(Sz,Tz)], T aTaT) d(Sz,52),
1+d(Sz,Tz) d?(5z,5z2) d?(TzTz) 1+d(Sz,Tz)+d(Sz,Tz)

1+d(Sz,52) A2 12), 1+d(5z,Tz) 1+d(Sz,Tz) 1+d(Sz,T2)+d(S2,TZ) d(5z,52),
1+d(Sz,Tz)+d(Sz,Tz) _

1+d(Sz,Tz)+d(Sz,Tz) d(SZ' TZ)} B d(SZ' TZ)

Thus, from (3.3), we have

fod(SZ'TZ) p(t)dt < a(d(z,z))féwl(z’z) p()dt=0

Which is a contradiction. Therefore, Sz = Tz, i.e. Az = Sz = Tz = Bz.

Now we shall show that z = Tz. Let z #Tz. From (C3), we have

[ p0yat = [ p(0)dt < alx2)f," 7 p()dt, (34)

where,
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1+d(Ax,Bz)

M, (x, z) = max{d(Ax,Bz), d(Ax,Sz), d(Bx,Tz), % [d(Ax,Tz) + d(Sx, Bz)], BT d(Ax, Sx),
i dBATD LGRS SaGary et AN
atmoraonrs A2 TD)

1+d(z,Bz) 1+d(z,Bz)

= max{d(z,Tz) , d(z,Tz),d(z,Tz),% [d(z,Tz) + d(z,Bz)], d(Bz,Tz),

1+d(Bz,Tz) (' )' 1+d(z,2)

d?(z,z) d?(BzTz) 1+d(z,Tz)+d(z,Bz) ( ) 1+d(z,Tz)+d(z,Bz)
1+d(z,Tz)’ 1+d(z,Tz)’ 1+d(z,Bz)+d(z,Tz) ’= 7 14d(z,Bz)+d(z,Tz)

d(Bz,Tz)}

=max{d(z,Tz),d(z,Tz),d(z,Tz),d(zTz),0,0,0,0,0,0}
=d(z,Tz)
Thus, from (3.4)

fod(z,Tz)(p(t)dt _ fod(Sx,TZ) p(t)dt < a(x,z)fod(Z'Tz) @ (t)dt

Which is a contradiction.

Therefore,z = Tz = Bz = Az = Sz. Hence 1z is the common fixed point

of A4,B,Sand T.

Finally, for uniqueness, let u(u# z) be another common fixed point of A, B,S and T.

fod(su'm p(t)dt = fod(”’z) p(t)dt < a(d(u,z)) fOMl(”'Z) p(t)dt Vx,y € X.

where,

M; (u, z) = max{d(Au,Bz), d(Au,Su), d(Bz,Tz), % [d(Au,Tz) + d(Su, BZ)],—lliz((';z:?;) d(Au, Su),
iagdBaT, LRSS SR S s,
Cratn peaturs A2 TD)

=d(u, 2).

Thus, from (3.4)
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fod (Su,Tu)

o)t < [ p(O)dt < a(dw,2) [ 7 p(O)dt vx,y € X.
Which is a contradiction.

Therefore, u = z. Hence A, B, S and T have a unique common fixed point. This Completes

the proof.
From Theorem 3.1,if A= BandS = T, we get the following.

Corollary 3.2: Let A and S be two self —mappings of a complex valued metric

space (X, d) satisfying

(C6) SX c AX

(€) [F5 o) dt < aldy) [, p(e)de, v,y € X.

where,

M, (x,y) = max{d(Ax,Ay),d(Ax,Sx),d(Ay,Sy), %[d(Ax, Sy) +d(Sx, Ay)], %dmx, Sx),
e L O U v S v S e v o )
a4V S

foreachx,yin X.
(C8) the pair (4, S) is wekly compatible.

(C9) the pair (4,S) satisfies CLR, property. Then A and S have a unique common fixed

point.
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