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ABSTRACT 

The exponential integral function and its associated special function are important 

mathematical tools that arise in many areas of science and engineering. In this review, we 

provide an overview of these functions and their properties, including their definitions, basic 

properties, and various applications.The exponential integral function is defined as the 

integral of the exponential function divided by its argument, and it arises in many 

mathematical and physical problems involving exponential decay or growth. The special 

function associated with the exponential integral is defined in terms of the q-exponential 

function and provides a powerful tool for solving problems in probability theory and related 

fields. We discuss the basic properties of these functions, including their asymptotic 

behavior for large arguments and their relationships to other special functions. We also 

review various applications of these functions, including their use in modeling heavy-tailed 

probability distributions, solving differential equations, and evaluating complex integrals in 

physics and engineering. 

INTRODUCTION 

The exponential integral function and its associated special function are important 

mathematical tools that arise in many areas of science and engineering. The exponential 

integral function is defined as the integral of the exponential function divided by its 

argument, and it arises in many mathematical and physical problems involving exponential 

decay or growth. The special function associated with the exponential integral is defined in 

terms of the q-exponential function and provides a powerful tool for solving problems in 

probability theory and related fields.(Paris, R,2014). 

The properties of these functions, including their definitions, basic properties, and various 

applications, have been the subject of extensive research in the mathematical community. 

The exponential integral function has many important properties, including its asymptotic 
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behavior for large arguments and its relationship to other special functions such as the 

logarithmic integral function. The special function associated with the exponential integral is 

also of great interest due to its wide-ranging applications in probability theory and related 

fields, such as modeling heavy-tailed probability distributions. The study of the exponential 

integral function and its associated special function has led to many important 

developments in mathematical analysis, including the study of asymptotic expansions and 

special functions. These functions are also important tools in many areas of science and 

engineering, including physics, engineering, and statistics. We provide an overview of the 

exponential integral function and its associated special function, including their definitions, 

basic properties, and various applications. We also discuss some of the important 

developments in the study of these functions and their potential future applications in 

mathematics, physics, and engineering. 

The classical exponential integral function is usually defined as 

 

for z > 0 where Γ(v, z) is the upper (or complementary) incomplete gamma function defined 

as 

 

It satisfies the properties 
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The special function discussed in this article has important properties and applications in 

areas such as astrophysics, neutron physics, quantum chemistry, and engineering. 

Interested readers can refer to for further information on its properties. 

The exponential integral function arises in many mathematical and physical problems 

involving exponential decay or growth. It has many important properties, including the 

following 

For positive values of x, the exponential integral function is a monotonically increasing 

function of x. 

The exponential integral function is related to the logarithmic integral function 

$\operatorname{li}(x)$ by the following equation: 

li(x)=Ei(lnx) 

The exponential integral function has the following asymptotic behaviour for large 

arguments: 

 

The Asymptotic Expansion of a Related Function for |z| → ∞ 

For large values of |z|, the related function 

f(z)=e−zEi(z) 

has an asymptotic expansion in terms of inverse powers of z. This expansion can be derived 

using Laplace's method, which involves approximating the integral in the definition of the 

exponential integral function by a stationary phase approximation. 

The leading term in the asymptotic expansion is given by 

f(z)∼z1 as ∣z∣→∞ 
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This indicates that the function f(z) approaches zero as |z| increases without bound, with 

the rate of decay proportional to 1/z. Higher-order terms in the asymptotic expansion can 

be derived using repeated differentiation of the integrand in the definition of the 

exponential integral function. 

The asymptotic expansion of f(z) is useful for analyzing the behavior of the function for large 

values of |z|, and can be used to derive other asymptotic expansions and estimates for 

related functions. It is an active area of research to develop more accurate and efficient 

methods for computing the asymptotic expansion of f(z) and related functions, particularly 

for large values of |z|. 

NEED OF THE STUDY 

The exponential integral function and its associated special function are important 

mathematical tools with wide-ranging applications in many areas of science and 

engineering. Their study is essential for advancing scientific knowledge and solving complex 

problems in fields such as physics, engineering, and statistics.The exponential integral 

function is used to model exponential decay or growth and arises in many mathematical and 

physical problems. The special function associated with the exponential integral is important 

for modeling heavy-tailed probability distributions, which are commonly encountered in 

finance and other applications. The study of these functions has led to important 

developments in mathematical analysis, including the study of asymptotic expansions and 

special functions. These developments have wide-ranging applications in many areas of 

science and engineering, including signal processing, control theory, and finance. Further 

research in this area is needed to better understand the behavior and properties of these 

functions, and to develop new methods for evaluating and using them in practice. The 

development of accurate and efficient methods for evaluating these functions is an active 

area of research, and further study is needed to improve the accuracy and computational 

efficiency of these methods.(Sroysang, B., 2013) 
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BACKGROUND 

The function was first introduced by the mathematician Leonard Euler in the 18th century, 

and it has since been studied extensively by many other mathematicians and scientists. The 

exponential integral function has many important applications in fields such as probability 

theory, statistics, signal processing, and number theory. In particular, it is used to model the 

behavior of random variables in certain probability distributions, such as the Poisson 

distribution and the negative binomial distribution. It is also used in the analysis of complex 

systems and in the computation of certain special functions, such as the gamma function 

and the Riemann zeta function.In addition to the exponential integral function, there are 

several other associated special functions, such as the incomplete gamma function, the 

incomplete beta function, and the Dawson function, which are closely related to it and are 

also widely used in various areas of mathematics and science. These functions are defined 

as integrals or series involving the exponential function and have many important properties 

and applications.(Nantomah, K. et al,2012) 

LITERATURE REVIEW 

Paris, R. (2012).we have explored the asymptotic expansion of the modified exponential 

integral involving the Mittag-Leffler function. By using the Laplace method and the 

properties of the Mittag-Leffler function, we have derived an asymptotic expansion that is 

valid for large values of the parameter. This expansion provides a useful approximation for 

the modified exponential integral in situations where the parameter is large, and can be 

used to derive other asymptotic expansions for related functions. Moreover, the use of the 

Mittag-Leffler function in this expansion highlights the importance of this function in the 

study of asymptotic behavior of complex functions. the asymptotic expansion of the 

modified exponential integral involving the Mittag-Leffler function provides a valuable tool 

for the analysis of complex functions, and demonstrates the power and versatility of 

mathematical methods in tackling challenging problems in the field of mathematics and 

beyond. 

Nantomah, K. (2013). The exponential integral function is a useful mathematical function 

that arises in many applications. Bounds for this function can be derived to provide useful 
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estimates of its values for large arguments. The bounds discussed here provide useful upper 

and lower estimates for the function in terms of simple expressions involving exponential 

functions and powers of the argument. These bounds can be used to develop numerical 

methods for computing the function more efficiently and accurately, and they can also 

provide insights into the behavior of the function in different regions of its domain. The 

bounds for the exponential integral function are an important tool in many areas of 

mathematics and its applications, and they continue to be an active area of research. 

Rafik, Z., Salas, A. H., et al, (2014).the new special function introduced in this discussion has 

the potential to be a valuable tool for solving problems in probability theory. This function is 

defined in terms of the q-exponential function, which is a powerful and flexible 

mathematical tool that has been used in many areas of mathematics and physics.The 

properties of the new special function have been analyzed, including its derivative and its 

asymptotic behavior. These properties provide a solid foundation for its use in practical 

applications. One potential application of this function is in the analysis of probability 

distributions with heavy tails. Such distributions are commonly encountered in financial 

modeling, and the new special function can be used to characterize their behavior and 

estimate their parameters. the function can also be used to solve certain types of 

differential equations, including the fractional differential equation of the Caputo type. This 

opens up new avenues for research in areas such as control theory and partial differential 

equations. 

Pegoraro, V., &Slusallek, P. (2011).the complex-valued exponential integral function is an 

important mathematical function that arises in many applications, and it can be evaluated 

using a variety of methods. Numerical methods, such as quadrature methods and adaptive 

integration, can be used to approximate the function for any value of the complex 

argument. Series expansions, such as the Taylor series or the Laurent series, can be used to 

approximate the function for values of the argument near the origin, or for values of the 

argument with large real or imaginary parts. Asymptotic expansions, such as Watson's 

lemma, can be used to obtain accurate estimates of the complex-valued exponential 

integral for values of the argument with large real parts. Contour integration techniques can 

be used to evaluate the function for values of the argument with large imaginary parts. The 
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choice of method depends on the specific problem at hand and on the properties of the 

function and its argument. Some methods are more suitable for certain regions of the 

complex plane, while others are more efficient or accurate for certain types of problems. 

Alkheir, A. A., &Ibnkahla, M. (2013).the accurate approximation of the exponential integral 

function using a sum of exponentials is a valuable tool for solving problems in mathematics, 

physics, engineering, and other fields. The method involves expressing the exponential 

integral function as a sum of exponentials, with the coefficients determined by solving a 

linear system of equations. The accuracy of the approximation can be improved by including 

more terms in the sum, and the convergence of the approximation can be accelerated using 

techniques such as the Ehrlich-Aberth method or the Brent method. The advantage of this 

method is that it provides a highly accurate approximation of the exponential integral 

function for a wide range of arguments, without the need for numerical integration or series 

expansions. The method is computationally efficient and can be easily implemented in 

computer programs and numerical simulations. Applications of the approximation method 

include the analysis of probability distributions with heavy tails, the solution of differential 

equations, and the evaluation of complex integrals in physics and engineering. 

RESEARCH PROBLEM 

The research problem related to the study of the exponential integral function and its 

associated special function could be to develop more accurate and efficient methods for 

evaluating these functions, particularly for large values of the argument. 

Although several methods exist for evaluating these functions, there is a need for more 

accurate and efficient methods that can handle large argument values. The development of 

such methods would have significant implications for many areas of science and 

engineering, where these functions are used to solve complex problems. Another research 

problem could be to explore the properties and applications of these functions in more 

detail, particularly in areas such as signal processing, control theory, and finance. This could 

involve studying the behavior of these functions under different conditions and developing 

new applications for them in these fields. In addition, there may be a need to investigate the 

properties and applications of the special function associated with the exponential integral 
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in more detail, particularly in the context of modeling heavy-tailed probability distributions. 

the research problems related to the study of the exponential integral function and its 

associated special function are numerous and varied, and further research in this area is 

needed to uncover new applications and properties of these important mathematical 

tools.(Alkheir, A. A., &Ibnkahla, M.,2013). 

CONCLUSION 

In conclusion, the study of the exponential integral function and its associated special 

function is an important area of research with wide-ranging applications in many areas of 

science and engineering. These functions arise in many mathematical and physical problems 

involving exponential decay or growth, and they provide essential tools for modeling heavy-

tailed probability distributions.The study of these functions has led to important 

developments in mathematical analysis, including the study of asymptotic expansions and 

special functions, which have wide-ranging applications in many areas of science and 

engineering, including signal processing, control theory, and finance. The properties and 

behavior of these functions continue to be the subject of active research, and further study 

is needed to better understand their behavior and potential applications in mathematics, 

physics, and engineering. The development of accurate and efficient methods for evaluating 

these functions is an active area of research, and further study is needed to improve the 

accuracy and computational efficiency of these methods. the exponential integral function 

and its associated special function are important mathematical tools with a wide range of 

applications, and their properties and applications continue to be the subject of active 

research. Further research in this area is needed to uncover new applications and properties 

of these important mathematical tools and to develop new methods for evaluating and 

using them in practice. 
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