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Abstract: The Eigen value problem and Eigen vector Problems (EVP) are considered as
theoretical way and have wide — range applications. Especially EVP is crucial in solving system
of differential equations, Analyzing population growth Models etc. The problem of finding
eigenvalue and eigenvector arise in wide variety of practical applications. The aim of this article
to determine Fuzzy Eigen Values and fuzzy Eigen Vectors of fuzzy matrices: we will explain here
some properties of classical matrix eigenvalues and eigenvectors are satisfied in Fuzzy matrix
and also prove those properties in this article.
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1. INTRODUCTION

It is well known, that matrices play major role in various areas such as mathematics, physics,
statistics, engineering, social sciences and many others. Several works on classical matrices are
available in different journals even in books also. But in daily life situations, the problem in
economics, engineering, environment, social science, medical science etc. They do not always
involve crisp data. Consequently, we cannot successfully use traditional classical matrices
because of various types of uncertainties present in daily life problems. Now a day’s probability,
fuzzy sets, intuitionistic fuzzy sets, vague sets, rough sets are used as mathematical tools for
dealing uncertainties. Fuzzy matrices arise in many applications, one of which is properties of
eigenvalues and eigenvectors applicability in Fuzzy Matrices. Its applications in pattern

classification in handling fuzzy knowledge systems
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Reality is more or less uncertain, vague and ambiguous. Fuzzy logics are powerful mathematical
tools for modeling, uncertain systems in Industry, Nature and Humanity and Facilitators for
common — sense reasoning in decision making in the absence of complete and precise
information. Their role is significant when applied to complex phenomena not easily described
by traditional mathematical methods.

Fuzzy sets and fuzzy logic founded in the 1965 by Lotfi A. Zadeh %, Bellman 1965 can be
viewed as a broad conceptual framework enclosing the classical sets and logic. The classical sets
and mathematical logic divide the world of “Yes and No”, “White and Black™ “true and false’.
Fuzzy sets and fuzzy logic deal with objects that are “Matter — of — degree” will all possible
grades of truth between yes and no, and the shares of grey between white and black.

The basic concept of the fuzzy matrix theory is very simple and can be applied to social and
natural situations. A branch of fuzzy matrix theory uses algorithms and algebra to analyze data.
It is used by social scientists to analyze interaction between actors and can be used to
complement analysis carried out using game theory or other analytical tools.The problem of
finding Eigenvalues arises on a wide variety of practical applications. It arises in almost all
branches of sciences and engineering.

Many important characteristics of physics and engineering systems, such as stability can be

determined just by knowing the nature and location of Eigenvalues. The aim of this paper to
determine Fuzzy Eigenvalues and Fuzzy Eigenvectors of a Fuzzy matrix denoted byféf , in the

whole article: The system of linear equationsﬁ)?=5, where the elementsa’;;, of the

i
matrixA'and the elementsﬂl;i, of the vectorl?, they are called Fuzzy Numbers. A solution method

for finding Fuzzy Eigenvalues and Eigenvectors of Fuzzy matrix4 with fuzzy idempotent has
not been given yet. We have to find Fuzzy Eigenvalues and Fuzzy Eigenvectors of a Fuzzy
matrixA by transforming the systemﬁ“ X=215h

2. PREVIOUS STUDY

In real world, the parameters and variables in fuzzy matrix may be almost uncertain data. Hence,
fuzzy matrix has been discussed recently. Lotfi Zadeh A. (1965)™” introduced fuzzy sets,
information and control, Lewis F. C.*% introduced Cayley — Hamiltonian Theorem and Fader’s
Model. Buslowicz M.(1984)! discussed unversion of characteristic matrix of the time delay

systems of neural type. Kaczorek T. (1988)["! discussed vectors and matrices in Automation and
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Electro techniques. Chang F. R and Chan C. N (1992’ Mintroduced the generalized Cayley —
Hamiltonian Theorem for standard pencils, system and control. Kaczorek T. (1994)® discussed
extensions of the Cayley — Hamiltonian theorem for 2D continuous discrete linear system. Again
Kaczorek T. (1995)®introduced an extension of the Cayley — Hamiltonian theorem for non
square block matrices and computations of the left and right inverse of matrices.

Zimmermann H. J. (1996)™Jintroduced fuzzy set theory and its application. Kaczorek T.
(1994)®lexplained the extension of the Cayley — Hamiltonian theorem for a standard pair of
block matrices. Buslowicz M and Kaczorek T. (2004)®! introduced reachability and minimum
energy control of positive linear discrete time systems with delay: Michael Hans
(2005)™introduced applied fuzzy arithmetic: Dehaghan M andHashemi B. (2006)®introduced
solution of the fully fuzzy linear systems using the decomposition produce. Das S. and
Charaverly S. (2011)®lintroduced fuzzy system of linear equations and its application in circuit
analysis

Several authors presented a number of results on fuzzy matrices and introduced the concept of
fuzzy matrices and studied the canonical form of a transitive matrix. They studied the canonical
form of an idempotent matrix,presented the canonical form a strongly transitive matrix. And also
studied fuzzy circulates matrices.

2.1  Binary Set Operations

Intersection Uang (X) = pua ) Apg (x)
Union aup (x) = ug(X)Vup (x)
Complement Uge(x) =1 —py(x)
A" :Minimum

A :Maximum

2.2 Unit Interval

A fuzzy matrix is a matrix which has its elements in[0, 1] closed interval called fuzzy unit
interval

2.3 Fuzzy Matrix

Consider the matrixA4 = (aij )an,Where a; €[0,1] forl1<i<mand1<j<n, and
then A, it is called fuzzy rectangular matrix, and if m = n, and then A, it is called fuzzy square

matrix.
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2.4  Reflexive

LetA, it is a square matrix of ordern, and thenA, it is said to be reflexive fuzzy matrix if and only
ifA > I, (Wherel,, it is an identity matrix of ordern), that is

If and only if “All diagonal elements in fuzzy reflexive matrixA, they are unity otherwise

If and only if “(a;; ) = 1 Vi (Where(ay; ), it is the elements ofA

2.5  Symmetric

Letd, it is a square matrix of ordern, and thenA, it is said to be symmetric fuzzy matrix if and
only ifAT = A, that is

If and only if “The square fuzzy matrixA, remains unaltered by interchanging its rows and
columns, otherwise

If and only if“(aij) = (aﬁ)Vi,j €{1,2,..,n}

2.6  Transitive

Let A, it is a square matrix of ordern, and thenA, it is said to be transitive fuzzy matrix if and
only ifA2 < A, that is

If and only if “The square fuzzy matrixA, multiplied by itself give the elements less than or equal
to the corresponding elements of the square fuzzy matrix, in other words

If and only if “a; a)y = a;;Vk € {1,2,...,n}

2.7  Fuzzy Diagonal Matrix

A fuzzy square matrix 4, it is a square matrix of ordern, it is said to be fuzzy diagonal matrix if

{ 0, ifi %]

€[0,1], forl<ij<n’ for example, the order 3 fuzzy diagonal matrix is

04 O 0
0 03 O

0 0 09

al'j =

2.8 Fuzzy Scalar Matrix
A fuzzy square matrix A4, it is a square matrix of ordern, it is said to be fuzzy scalar matrix if all
its diagonal entries are equal that is, if

_ 0, ifi #j
gl _{alj

—a ifi=jae[0,1]and1<ij<n’ for example the order 3 fuzzy scalar

matrix is
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04 O 0
0 04 O
0 0 04

2.9  Transpose of Fuzzy Matrix

Consider the matrix A = (aif)an’ it is any fuzzy matrix and then the transpose of 4, it is

denoted byA”, it is an x m fuzzy matrix obtained from A, by interchanging its rows and
columns

2.10 Construct Fuzzy Square Matrix

The square fuzzy matrix A, through the adjoint matrix adj (A), we shall construct a transitive
Fuzzy matrix A(adj (4)), that is

A(adj (A)) = |All and (adj (A))A = |All where |A|, denotes the determinant of square fuzzy
matrix A and adj (A), denotes the adjoint matrix of square fuzzy matrix A

2.11 Characteristic Function or Membership Function

If x € A, the corresponding function Vx € E: uy(x) € [0, 1], the functionu, (x), it is called the
characteristic function or membership function, note that the subset at function E on [0, 1]

2.12 Empty Subset

The empty subset @ asVx € E: ug(x) =0

2.13 Power set

The setE, itself Vx € E: uz(x) = 1, then the set of all subsets is called the power set and
denoted by P(E) or [0, 1]

2.14  Membership Value matrices

Letf,,,, denotes the set of all m X n matrices over f, and if m = n, we havef,, and then the
elements off,,,, they are called membership valued matrices or binary fuzzy relation matrices,
simply fuzzy matrices or Boolean matrices over Boolean algebra[0, 1]

2.15 Addition of Fuzzy matrices

LetA = (aij) € foon and B = (bij) € fn then the matrix A+ B = sup{aij,bij} € fom, It IS

called the sum of fuzzy matrices A and B, for example if

05 0 0 0.2 04 0.6 0.5 04 06
A=108 02 03|;B=|05 03 03|thenA+B =08 0.3 0.3
0 06 01 0.7 08 0 0.7 08 0.1
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2.16  Basic requirements of fuzzy Number wu in parametric for
Fuzzy Number wu in parametric form is a pair(g, H) of functions u(r),u(r) for0 <r <1,
which satisfies the following requirements.
a. u(r), it is a bounded non decreasing left continuous function in(0,1] and right
continuous at 0
b. u(r), it is a bounded non decreasing right continuous function in[0,1) and left
continuous at 1
c. um)su()for0<r<i
2.17  Triangular Fuzzy number
The triangular fuzzy number u = (xq,0,8) (Fuzzy number with a defuzzifierx,, left
fuzziness ¢ > 0 and right fuzziness § > 00 it is a fuzzy set where the membership function is as
follows:
%(x—x0+a), forxg—o <x < xg
u(x) = x;?(xo—x+/3), forxg <x<xy+pf
0, Otherwise
We can easily verify that
[ul" =[x — A —1r)o,xg+ (1 —1r)B] =[xy — a;(r),xy + ay(r)],V r € [0, 1], where
a1 (r)=0-7r)c and a,(r) =1 —1)B
2.18 Support of Fuzzy number
Letu, it is a fuzzy number and then the support ofu , it is defined bysup(w) = {x|u(x) > 0}

where{x|u(x) > 0}, represents the closure of{x|u(x) > 0}
2.19  Addition, Subtraction and multiplication of two fuzzy numbers

Addition of two fuzzy numbers
Suppose thatii(r) = [u(r),u(r)], and #(r) = [v(r),v(r)], and then
@+ (@) =[u@) +v@),u@) +v@)| foro<r<1
Subtraction of two fuzzy numbers
Suppose thatii(r) = [g(r),ﬂ(r)], and U(r) = [g(r),i(r)], and then
(i — 9)(r) = [u@) —v@),u@) —v()] foro<r<1
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Multiplication of two fuzzy numbers

Suppose thatii(r) = [u(r),u(r)], and #(r) = [v(r),v(r)], and then
min{u(Mr(),u@v@), T, w@v)}
max{u()v(r),u@v(), W), w@vr)}

2.20 Eigenvalue and Eigenvector of Fuzzy number

(ﬁﬁ)(r)=l ,for0<r<1
Letd = (a;), it is a fuzzy matrix and a fuzzy numberdand a fuzzy vectorX = (%, ..., %,)7,
which is given by, (r) = [ﬁ (r),x_i(r)] for1<i<nand0<r < 1,and then they are called

eigenvalue and eigenvector of fuzzy matrix4, respectively if

|

n o~ &~ _YyN o~ = _ J=,.\yNn &~ ~ _\n = = _ j=
=10y % = Xic1 Ay % = AR Nig Gy X = Xing Gy X = A%

2.21 Fuzzy Set
A fuzzy set A , it can be defined as the set of ordered pairs such that
A ={(x, pa(x))|x € X, us(x) € [0, 1]} where u, (x), it is called the membership function or
grade of membership of x
2.22  Convex normalized fuzzy set
A fuzzy number g, it is a convex normalized fuzzy set of the crisp set such that for only one
x € X amd uy(x) = 1 and py(x), it is piecewise continuous
2.23  Normalized
A fuzzy set is called normalized when at least one its elements attains the maximum possible
membership grade
2.24  Convex Fuzzy set
A convex fuzzy set is described by a membership function whose membership values are strictly
monotonically increasing or whose membership values are strictly monotonically decreasing or
whose membership values are monotonically increasing and then strictly monotonically
decreasing with increasing values for elements in the universe
2.25 Types of Fuzzy numbers in the interval
Here we discussed only two types of fuzzy numbers in the interval namely
a. Triangular fuzzy number in interval

b. Trapezoidal fuzzy number in interval
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2.26  Triangular Fuzzy number in interval

We can show graphically as follows

1‘

Membership
Function

=¥

ﬂﬂi g g

Figure — 1: Triangular fuzzy number in interval
The triangular fuzzy number (TFN) as shown in figure — 1, it is a special type of fuzzy number

( 0, forx < a
X—a

Iaz—_all, for x € [ay,a;]
az—x

and its membership function is given by pz(x) =
_fOTX'E [a2ra3]

a3—a2'
0, forx = as
2.27 Trapezoidal Fuzzy number in interval

We can show graphically as follows

Membership
Function

0ay s g Qs *
Figure — 2: Trapezoidal fuzzy number in interval
The trapezoidal fuzzy number (TRFN) as shown in figure — 2, it is a special type of fuzzy
( 0, forx < aq

X—aq

e for x € [aq,a,]

number and its membership function is given by uz(x) = < 1, forx € [ay, az]

as—Xx

P forx € [az, a,]

\ 0, forx=>a,
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In this article we will discuss properties of eigenvalues and eigenvectors of fuzzy matrices
3.1.  Needed fundamental Definitions and preliminaries
3.1.1. Definition for Fully eigenvectors and eigenvalues
LetAr, denoted as Fuzzy matrixA and alsoA = [ai]-], it is a square matrix of ordern.
X1

. X2 ..

If there exists a non — zero vectorX = | .” |, such thatApX = AXwhereX, it is called

Xn
%)
Eigenvector ofArandA = Ib\ it is the corresponding eigenvalues
An

3.1.2. Note

1. Corresponding tondistinct fuzzy eigenvalues, we getn independent eigenvectors.

2. If two or more fuzzy eigenvalues are equal, then it may or may not possible to get
linearly independent eigenvectors corresponding to the repeated fuzzy eigenvalues.

3. Ifx;, it is the solution for an eigenvalueA;, and then it follows from
(A — ADX = 0, thatcx;, it is also a solution, wherec, it is an arbitrary constant. Thus,
the eigenvector corresponding to a fuzzy eigenvalue is not unique but may be one of the
vectorscX

4. Algebraic multiplicity of an eigenvalueA it is the order of the fuzzy eigenvalue as root of
the characteristic polynomial(4r — AI)X = 0
That is, ifA it is the double root then algebraic multiplicity is 2

5. Geometric multiplicity ofA it is the number of linearly independent eigenvectors
corresponding toA

3.1.3. Working Rule to find Eigenvalues and eigenvectors of Fuzzy Matrix

Step — 1:

Find the characteristic equation|Ar — AI| = 0

Step — 2:

Solving the characteristic equation, we get characteristic roots. They are called fuzzy eigenvalues
Step - 3:

To find eigenvectors solve(Ar — AI)X = 0, for the different values ofA
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If a fuzzy matrixAp, it is non — symmetric then4, = A%
Note:

1.

3.15.

._,§, l
o
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Non — Symmetric Fuzzy Matrix

In a non — symmetric fuzzy matrix, the fuzzy eigenvalues are non — repeated then we get
linearly independent set of eigenvectors.

In a non — symmetric fuzzy matrix the fuzzy eigenvalues are repeated then we may or
may not be possible to get linearly independent eigenvectors, and then Diagonalization is
possible through similarity transformation

Symmetric Fuzzy Matrix

If a fuzzy matrixAp, it is symmetric thendy = A%

Note:
1.

In a symmetric fuzzy matrix, the fuzzy eigenvalues are non — repeated then we get
linearly independent set of eigenvectors and pair wise orthogonal sets of eigenvectors

In a symmetric fuzzy matrix the fuzzy eigenvalues are repeated then we may or may not
be possible to get linearly independent eigenvectors, and pair wise orthogonal sets of
eigenvectors, the Diagonalization is possible through orthogonal transformation

3.2.  Some Properties of Eigenvalues and Eigenvectors of Fuzzy Matrix
3.2.1. Property —1:

a. The sum of the Fuzzy Eigenvalues of a fuzzy matrix is the sum of the elements of the
principle (main) diagonal of the Fuzzy matrix (or) the sum of the fuzzy eigenvalues of a
fuzzy matrix is equal to the trace of the fuzzy matrix.

b. Product of the Fuzzy Eigenvalues of the fuzzy matrix is equal to the determinant of the
fuzzy matrix.

Proof:
aj;; Az - Qg M X1
Let(Ar — AI)X = 0 whereA = a?1 aszz a?“ ;A= A:Z andX = xz 1)
Gt Guz v Gy 2 %,
And then we get
(a11 — A)xy + appxz + -+ appx, =0
azx + (azp = A2)%z oo ¥ dann = 0 @)

Ap1X1 + QpXxy + 0 F (ann - An)xn =0
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SinceAp, it is the fuzzy square matrix of ordern, and then the characteristic polynomial ofAp =

|Ap —AIl =0
(a11 — 1) 12 A1n
— a:21 (az; — A2) a?n —0 3)
a;11 An2 (A — An)
Then we have
=S A4 A+ S A+ (DS, =0 4)
Where

S1 =Sum of the diagonal elements ofAg

S, = Determinant ofAr

Since the roots of the characteristic equation are called fuzzy eigenvalues of the given fuzzy
matrix solving (1), we getnroots

Let us take thenroots aredy, 4, ..., 4,,, that is they are fuzzy eigenvalues of A

Since we have from (4)

A" — (sumoftheroots)A" 1
+(Sumoftheproductofrootstaketwoatatime) A" 2 -0 (5)

+- S

(_1)n(PmduCt0mets) et e
=Sum of roots = S; and by equations (4) and (5) we have
Si=h+4L+ -+, =24+ 4+ + A, =a1Hap+ -+ ay,
=Sum of fuzzy eigenvalues equal to sum of main diagonal of fuzzy matrixAg
Hence complete the proof of part (a)
And also we have
S, =Product of roots= A * A, * ..x 1, = Ay * A, * ..x 1, = |Ap|
= Product of fuzzy eigenvalues equal to determinant of fuzzy matrixAg
Hence complete the proof of (b)
3.2.2. Property - 2:
A fuzzy square matrixAr and its transposeAk, they have the same fuzzy eigenvalues or

characteristic values.
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Proof:

LetAg, it is a fuzzy square matrix of ordern
Since the characteristic polynomial ofApand A%, they are
|Ap — Al =0 (6)
|AE — AT =0 (7)
Note that in the classical matrix the determinant value is unaltered by interchanging of rows and
columns. The same rule is applicable in fuzzy matrix also that is
|Ap| = |AF]
Therefore equations (6) and (7) are identical and we will get the eigenvalues of Arand A% they
are same
Hence complete the proof
3.2.3. Property - 3:
The characteristic roots of a triangular fuzzy matrix are just the diagonal elements of the fuzzy
matrix. That is the eigenvalues of a triangular fuzzy matrix are just the diagonal elements of the

fuzzy matrix.

Proof:
agq 0 0
Let us taked, = | 2! Gaz 9
An1 Gny " Qnn

The characteristic polynomial ofApis|Ar — AI| = 0

aq —/11 0 0
a Ayy — Ay - 0
- 21 22 =% : -0
anq ap2 Ut App _An

= (a11 —4)(azz — 4) . (@ —4,) =0
= (a1 —4) =0;(azp — 1) =0;...(ap, —4,) =0
= ay =A30 =4y 0y = A,
That is eigenvalues or characteristic roots of triangular square matrix of ordern they are the
diagonal elements ofAg

Hence complete the proof
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3.2.4. Property —4:
IfAandA # 0, it is the eigenvalueAr, and then%, it is the eigenvalue Az (Inverse ofAf)
Proof:
IfX, it is the fuzzy eigenvector corresponding to4, and then we have
ApX = AX (8)
Equation (1): Pre multiplying both sides byAz!, we get

AFlApX = AF1AX
= IX = A7 0X = X = AF'AX 9)
Divide (9) by4, since4, it is a constant, we get
X = A7'X (10)
Equation (9) is same form of (8) so that we have%fuzzy eigenvalue ofAx!
Hence complete the proof
3.2.5. Property -5
IfAandA # 0, it is the eigenvalue of orthogonal fuzzy matrixAy, and then%, it is also the
eigenvalue ofAg
Proof:
By the definition of orthogonal fuzzy matrix we have

ApAL = AL Ap = I (Identity matrix of same order ofAy)

1
=>ForAFA§=1=>AT=A—=A;1=>A£=A;1
F

LetAit is the orthogonal fuzzy matrix. ThenAZ it is also an orthogonal fuzzy matrix

= Ay, it is an orthogonal matrix

Therefore, ifAandA # 0, it is the eigenvalue of orthogonal fuzzy matrixAg, and then%, it is the
eigenvalue ofAz! (By property — 4)

Butdl = Ap!

SinceApandA¥L, they have same fuzzy eigenvalues (By property — 2)

= IfdandA # 0, it is the eigenvalue of orthogonal fuzzy matrixAr, and then%, it is also the

eigenvalue ofAg

Hence complete the proof
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3.2.6. Property - 6
IfA1, 1, ..., 4,,, they are the fuzzy eigenvalues of a fuzzy matrixAr,of ordern and thenA¥, it has
fuzzy eigenvaluesAt*, A7, ..., A, wherem, it is a positive integer
Proof:
Letd;fori = 1,...,n, it is the fuzzy eigenvalue of fuzzy matrixAp, and the corresponding
eigenvector isX;
Then we have
ApX; = 1 X; (12)
SinceAZX; = Ar(Arx,) = Ar(LX) = LiApx, = LA X; = 22X,
= A%X; = 12X,

By mathematical induction we have, in general we have

ARX; = A X fori=1,2,..n
= AT, AT, ..., A7, wherem, it is a positive integer, they are fuzzy eigenvalues of A7
Hence complete the proof
3.2.7. Property —7
The fuzzy eigenvalues of a fuzzy symmetric matrix are fuzzy numbers and they are real
Proof:
LetA, it is a fuzzy eigenvalue (it maybe complex) of the fuzzy symmetric matrixAg
Let the corresponding eigenvector isX
LetAL, it is the transpose matrix ofAy
SincedpX = AX
Pre — multiplying the above equation by 1 x nmatrixYT, where the bar denotes that all elements

ofXT, they are the complex conjugate of thoseX”, we get

—T —T —T
X A X=X AX=2X X (12)

In (12), taking conjugate complex both sides we get

—T _T —-— -
(X 4px) = (X X) = X"4;X =X"X (13)
SinceAr, it is a fuzzy matrix that is it has only real elements and thereforeAdr = Ar

= XTApX = 2X"X (14)

Again in equation (14) taking transpose both sides we get

Vol. 7 | No. 5| May 2018 www.garph.co.uk IJAREAS | 28



International Journal of Advanced Research in ISSN: 2278-6252
Engineering and Applied Sciences Impact Factor: 7.358

—.T — =T —T — —T
(XTApX) = (AXTX) = XDTAIX =2X"TX
—T — —T
= XALX = AXX ,sinceAg, it is symmetric and thendy = A% (15)

= XAF)_(T - IXX
Compare equation (12) and (15) we get
XX =XTX
SinceXTX, itis a1 x 1matrix whose elements are only positive value
— 1 =1, thatisA, itis real
= The fuzzy eigenvalues of a fuzzy symmetric matrix are fuzzy numbers and they are real
Hence complete the proof
3.2.8. Property -8
The eigenvectors corresponding to distinct fuzzy eigenvalues of a fuzzy symmetric matrix are
orthogonal.
Proof:
Since for any fuzzy symmetric matrixAp, the eigenvalues are fuzzy and also real numbers (By
property — 7). LetX;,X,, they are eigenvectors corresponding to two distinct fuzzy

eigenvaluesiy, 1,. And therefore we have

ApXy = 11X, (16)

ApX, = X, (17)

Pre — multiplying (16) byX7, and then we get

XTApX, = XTI, X, = 1, X1 X, (18)
Pre — multiplying (17) byX7, and then we get

XTApX, = XT1,X, = 1,XTX, (19)

Take transpose both sides of (18) we get

XTApX)T = WM XTX)T = XTALX, = XT Ap X, = 1, XT X, (BecauseAl = Ar) (20)
ButXT ApX, = ,XT X, (21)
= 1, X7 X, = 1, XT X, By (19) and (21)

= (4; — 2,)XTX, =0, sinced; # 1, = X7 X, = 0 = X;, X,, they are orthogonal

Hence complete the proof
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3.2.9. Property -9
The similar matrices have same fuzzy eigenvalues
Proof:
LetAp, B, they are two similar fuzzy matrices, and then there exists a non —singular fuzzy
matrixP, such that

Br = P"'4zPandAl = P1AIP

= B — Al = P714zP — Al
Br — Al = P71AzP — P71AIP
= B — Al = P7Y(4r — ADP
= |Bp — Al| = |P7H||Ap — Al||P|
= |Bp — Al| = |Ap — AI||P™!||P|(Because determinant product is associative)
= |Bp — AMl| = |Ap — M||P7'P| = |Ap — ||l = |Ap — 2|
= |Br — Al| = |Ap — Al|

= Ap,Bp, they have the same characteristic polynomials and hence they have same
characteristic roots
= A, Br, they have the same fuzzy eigenvalues
Hence complete the proof
3.2.10. Property - 10
If a fuzzy symmetric matrix of order 2 has equal fuzzy eigenvalues and then the matrix is a scalar
matrix
Proof:
First we use the following rules
Rule — 1:
A Fuzzy symmetric matrix of ordern, it can always be diagonaized
Rule — 2:
If any diagonal matrix (either fuzzy or classical) with their diagonal elements is equal then the
diagonal matrix is a scalar matrix
Given that a fuzzy symmetric matrix of order 2 has equal fuzzy eigenvalues
By rule — 1, we get

For any fuzzy symmetric matrixAy, it can always be diagonalized
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Letd;andA; , they are their fuzzy eigenvalues and then we get the diagonalized matrix
A 07
0 =
. A0
Given thatl; = 1, = [0 1 ] = Ap, by rule — 2 we get
1

Ap, itis a scalar matrix
Hence complete the proof
3.2.11. Property — 11
The eigenvectorX, of fuzzy matrixAg, it is not unique
Proof:
LetA, it is the fuzzy eigenvalue ofAg, and then the corresponding eigenvectorX such that
ApX = AX (22)
Multiplying both sides of (22) by a non —zero scalark, we get
k(ApX) = k(AX) = Ap(kX) = A(kX)(Becausek, it is a non — singular scalar)

= Ar =1
That is eigenvector is determined by a multiplicative scalar
= The eigenvectorX, of fuzzy matrixA4g, it is not unique
Hence complete the proof
3.2.12. Property — 12
IfArandBr, they aren xn fuzzy matrices andBp, it is non singular fuzzy matrix and
thenArandBr' A B, they have the same eigenvalues
Proof:
Since the characteristic polynomial of Bz 1Az By, it is

|Bi'ApBp — All = |Bi*ApBr — ABp ' Bp| = |Bi ' ApBp — B ' ABy|
(Since4, it is a constant)
= |Br 'ApBr — Ml| = |Br ' (Ap — D)Br| = |Bi" (Ar — A1) By
= |Br'ApBr — Al| = |B7 ' [|14p — Al||Bg|

= |BrlApBr — Al| = |B7Y||Br||Ar — Al (Since determinant value is constant)
= |BrlApBr — Al| = |Bi'Bp||Ap — Al| = |I||Ap — Al| = |Ap — AI| (Since|l| = 1)
= Characteristic polynomial of Bz 1 AzB =Characteristic polynomial ofAp
= ApandBr1ArBp, they have the same eigenvalues

Hence completes the proof.
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4. CONCLUSION

In this article we proved some properties of eigenvalues and eigenvectors of classical matrices,
applicable in fuzzy matrices. Since fuzzy matrix topic is vast area, and also we can try to apply
the properties of eigenvalues and eigenvectors of fuzzy matrix in Heat transfer equations,
Optimal Control theory, Sensitive analysis, Quantum and Dynamic Mechanics, etc., If any one
interest to do this work continue, they may try to prove eigenvalues and eigenvectors of fuzzy
matrix concept in Orthogonality, spectral theory, etc., with some relevant definition and basic
concepts of classical matrices.
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