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Let Ebe a homogeneous Banach space of distributions and m(E, E)be the space of
multipliers from E to E. It is shown that m(E, E) is isometrically isomorphic to the dual space of
a certain Banach space of continuous functions.

1. INTRODUCTION

In [4] and [5] some results of Fourier Analysis, known for LP, C(the space of continuous
functions), M(the space of measures) and Orlicz spaces etc., were studied for Banach spaces of
distributions (briefly called BD-spaces). In [2], spaces A,( 1 < p < o) were defined and it was
proved that M,,(m(LP, L?)in our notation) is isometrically isomorphic to the dual space of 4,,. In
this paper, we aim to extend this result to homogeneous BD-spaces. In section 3, we define the
space A(E, E)and prove that if Eis a homogeneous BD-space, then A(E, E)is also a homogeneous
BD-space. Next, we show that the space of multipliers m(E, E)is isometrically isomorphic to the
dual space of A(E, E).

2. DEFINITIONS AND NOTATIONS

We refer to [1] for all the standard definitions, notations and assumptions. By G, we shall
denote the circle group R/2nZ. All our functions and distributions are assumed to be defined on
the circle group G. By D, we shall denote the space of all distributions on G.

A Banach space Ewill be called a Banach space of distributions or a BD-space, if it is
continuously embedded in D; and regarded as a subset of D, it satisfies the following properties:

(2.1) C* c E;(2.2) feEE=>T, feEand | Tf llg=1 f llg forallx
€ G;(2.3) fEE=>fYeEEand I fVllz=If lg

Where fV(u) = f(u") for each u € C*and u"(x) = u(—x)forall x € G.
The spaces LP( 1 < p < »), C, Mand Orlicz spaces etc. are all BD-spaces. Throughout
this paper, Ewill always denote a BD-space.
A BD-space Eis said to be homogeneous if for every f €E, the function
x = T, f is continuous from G to E.
Let FEdenote the set of transforms fof elements fof a BD-space E. Then by (E, E)we
denote the set of all complex valued functions ¢ on Z such that

fEE>¢-f€EFE.

Such functions ¢ are called multipliers of type (E, E).
To each ¢ € (E, E), there corresponds a multiplier operator Uy (see [1, 16.2]) from E'to E,
defined by the relation

UpH' =1, VfEE.

By an m-operator of type (E, E), we shall mean a linear operator U from E to E such that
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U(T, * f) =t Uf

for each trigonometric polynomial ¢t and each f in E. By m(E, E)we shall denote the set of all m-
operators of type (E, E). If U € m(E, E), then its norm is denoted by I U Il,,z g)- It can easily be
proved that U € m(E, E) iff U = U, for some ¢ € (E, E)(see [1, 16.2]).

3. THE SPACE A(E,E)
In this section, we define and discuss the space A(E,E)and prove that m(E, E)is
isometrically isomorphic to the dual space of A(E, E).
3.1. Definition
Let Ebe a homogeneous BD-space. The space A(E,E)is defined as the subspace of
C consisting of those functions h which can be represented as
h=XY72, fi*g; Wheref, €E, g; €E".

Z 0 fillg 1l gy llge < oo

i=1

Note that if E' is a homogeneous BD-space, then E*is also a BD-space and f; * g; € C by Theorem
1 and Theorem 3 of [4]. The norm of h in A(E, E)is taken as

VA laeey=inf )" 1 f, g1 g, Nee
i=1

where the infimum is taken over all the representations of h.

3.2. Lemma
Let Ebe a homogeneous BD-space and U € m(E,E). Then there exists a sequence
{h,}iZ,in C® such that, for each f € E,
limy_ e hy * f = Ufand for eachn, |l hy * f g SN U ey | f g

Proof. Let U € m(E, E)and let {h,};2, be an approximate identity composed of trigonometric
polynomials k,, such that || k,, ll; < 1 define h, = Uk,
n = 1,2,3,...,which are also trigonometric polynomials. Then, for f € E,

I Uky * fllg<Ikn* Uf lg<Il ke 11l Uf NI U ll gl f Nl

for every n. Further
hy*f=Ukp*f =k, xUf > Uf

inE asn — oo.

3.3. Theorem

Let E be a homogeneous BD-space. Then A(E, E) is also a homogeneous BD-space.
Proof. A(E,E)is clearly a normed linear space. To prove the completeness, suppose that
{h,}2, is a Cauchy sequence in A(E, E). Now, choose a subsequence {u,,} of {h,} such that

1
" un+1 — Uy "A(E,E)< ?, n= 1,2,3, ‘e
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From the definition of A(E, E’), we can find {fn’j} in Eand {gn’j} imE"(j =1,2,3,..)such

that

O w=) i@ D Wil gy e <l laep+ 1
i

J

=C+1 (say),
Up+1 — Up = Zi fn+1,j *In+1,j- (iii)
1
Zj Il fn+1,j Iel Gnia,j lg< e M= 1,2,3, ...

Set u =u; + Y. (upsq —uy). Thenu € A(E,E), since

@) SHfijlel gy let ) D faray sl Guray IS C+2
n J

Let € > 0and N be such that 2=V < &. Then, forn > N,

n
lu—Upsr lagpy =l u—[ug + z (Urp1 —up)] |l
r=1 A(EE)

[ee]
< D Wy Ml gy e
r=n+1

[ee]
< z 27 <&
j=n

Therefore, {u, }converges to u in A(E, E). Hence A(E, E) is a Banach space.
A(E,E)is continuously embedded into C because |l h, llo < Il A llgg 5 for every h € A(E, E)

since Cis continuously embedded into D, A(E,E) is countinuously embedded in D.
Furthermore, since C® c E,C* c E*.

Now, let h € A(E,E)and let);2, f; * g;, be a representation of h. Then, for each x € G,
Teh =%, fi*xgi.SinceT,f; € Eand I T.f, Iy =l f, llp for every x € G, we obtain that, for
every x € G,

D Tl gille= ) 1 fillgl g llp< e
i i
Hence, for each x € G, T,h € A(E,E) and | Txh ll 4z ) =1l R l4(g,ry- Making use of (2.3)
for Eand E*both, we obtain without much difficulty that hV € A(E,E) and I| h" 4z = I
h | 4(g,5)- Homogeneity of A(E, E)follows from the homogeneity of E, since I| Tyf, — f; llg—

0 for each i, implies that
N Txh—hllage <X NTyf,—f, gl g; llg— 0.

Thus, A(E, E)is a homogeneous Banach space of distributions.
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3.4. Theorem Let Ebe a homogeneous BD-space. Then m(E,E)is isometrically
isomorphic to the dual space of A(E, E). The span of translation operators on E is weak dense in
m(E,E).

Proof. Suppose U € m(E, E). Define the linear functional Ton A(E, E)by
() =) Ufi*gi(0)
i=1

where Y f; *g;is a  representation of has an element of A(E,E).
Tis well defined, i.e., T (h)is independent of the particular representation of h chosen. To see this,
suppose that Y72, f; *g; = 0is a representation of 0as an element of A(E,E). Choose a
sequence {h,}n=1 satlsfymg the conclusions of Lemma 3.2. Then,

Z Uﬁ*gl(O)—uman o f; % 4(0),

Since the series %72,  hy * f; * g;(0), is convergent uniformly over the set of natural numbers
and, foreachi, h, x f; > Uf; inE asn — o Again, h, € C® and},2, f; * g;, Converges in C.
Hence,

D bt firgi©,= Y (=0 * 90 dx = J [y (<OIIS fi * 9i06) lex =

=0
Thus, T is well defined. Further,

TS 1Uf* GO IST Y 1Uf el gile<hU ey 1 fi s 1 g N
i i
The above inequality holds for all representations of h. Hence,
| T(h) ISIU g eyll h llace -
This implies that Tis continuous on A(E, E) and
(3.1) 1T < U g gy-
Further, (see [3, 4.4])
(3.2) Il U g <supsup {:ll fllg<11llglg <1}
<supsup {ill hllqezp <1} =IT I.

From (3.1) and (3.2),
ITN=1U g gy

In order to show that U — T is onto, suppose that T € A(E,E)*. For g € E*, define the linear
functional f - T(f * g) onE. Since T € A(E,E)".

(3.3) [T+ I<ITIflgh g lg-
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Since E*is the dual space of E, for each g € E*, there exists a unique element of E*, say Ug, with
Ug(f)=Ug * f(0) =T(f * g). Now, for g € E*and any trigonometric polynomial t,
Ut+g)*f(O)=T(t*f*g)

= Uy (£ £)(0)
= Uy * £)  £(0)

Hence, U(txg) =tUg,where gand t are as above.
This shows that U € m(E™, E*), and hence,
Ultxg)=txUg=Utxg,

Now Ut, being a trigonometric polynomial, lies in E. So,

(3.4) Ut(gV) =Utxg(0)=T(t * g), Vg € E*.

Now, (3.3) yields
U@ I<ITIUNt g g llg Vg € E*,

which shows that for every trigonometric polynomial t,
NUt g <ITIIEINE.

Since C* is dense in E, Ucan be uniquely extended to E and
NUf g <UTIf llg, Vf EE.

Hence, U € m(E,E) and (3.4) will be true even if t is replaced by any f €E.
Uf *g(0)=T(f xg)forall f € Eand g € E*,
Hence, Its follows that-
T(h) = XUf; * g;(0), whenever Yf;* g;is a representation of an element h € A(E,E).
Since the mapping U — Tis norm preserving, it is one-to-one and proves the main part of the
theorem.
Now suppose that

¢, (B) = XUf; * 9:(0)

Where Y f; * g; is a representation of an element hof A(E,E). For each x € G, T, €
m(E,E), and therefore, ¢ _(h) = h(—x) now, if ¢ _(h) = 0 for every x € G, then h = O and
hence T(h) = 0. For all Te (A(E,E))" An application of the Hahn-Banach theorem shows that
the span of {¢r : x € G}is dense in A(E, E)*with the weak topology. In view of the first assertion,
this proves that the span of translation operators is weakly dense in m(E, E).
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